In this paper M shall denote an open orientable differentiable n-manifold. To fix our ideas, we take « differentiable » to mean C 00 throughout, and we suppose M to be Hausdorff and have empty boundary ( 1 ). Let F denote a p-dimensional differentiable foliation ( 2 ) on M, i.e. a completely integrable smooth p-dimensional differential system on M with 0 < p < n. Thus F assigns to every x e M a p-dimensional subspace of the tangent vectorspace ]VLp, and moreover, every point of M lies on a unique p-dimensional maximal integral manifold of F (in the sense of Che valley [1] ). These integral manifolds will be referred to as the leaves of F, and we let TC : M -> M/F denote the natural projection of M onto the quotient space M/F obtained by identifying points belonging to the same leaf. The foliation is called regular if TC admits local cross-sections. For a regular foliation F the quotient M/F can be regarded as a differentiable m-manifold (with m = n -p), and -n will then be differentiable. However, M/F will not in general be Hausdorff. The manifold M being orientable, we can define orientability for F by the condition that M/F be orientable, and this will henceforth be assumed. The tangent bundle r(M/F) has then an Euler class ( 8 ) yp? whose algebraic sign depends (*) Research supported in part by National Science Foundation Grant GP-6648.
None of these suppositions is in fact crucial. ( 2 ) For basic terminology and results relating to foliations we refer to Palais [5] , Chapter i.
Milnor [4] . Although Milnor takes the base space to be Hausdorff, his construction of the Euler class does not depend upon this assumption. upon a choice of orientation. Assuming such a choice (or alternatively taking yp to be determined modulo algebraic sign) we shall refer to ^p as the Euler class of F. It may be remarked that the notion of an Euler class applies to nonre" gular foliations as well, but it cannot in general be defined in terms of a bundle over the quotient space ( 4 ). Let us suppose, for the moment, that M/F is Hausdorff. Then it is known to be triangulable, and by the classical obstruction theory ( 5 ) it will admit a nonzero vectorfield (or a direction field) if and only if yp is zero. Moreover, a direction field on M/F pulls back under TC to a (p + 1) -dimensional orientable foliation P on M such that F c F in the obvious sense. Such a foliation P will be called an extension of F. Conversely one sees that an extension of F gives rise to a direction field on M/F (whose algebraic sign is determined by a choice of orientations). When M/F is not Hausdorff it is still true that the existence of direction fields on M/F is equivalent to the existence of extensions of F, and it is also true that the vanishing of ^p constitutes a necessary condition for the existence of these structures. The question of sufficiency, however, appears to be open. The main result of this paper asserts sufficiency in the following weakened sense : THEOREM A. -An orientable regular foliation on M with vanishing Euler class extends on relatively compact subsetsô f M. Thus when yp == 0 an extension F of F exists at least on all relatively compact subsets D c M. It may be noted that no corresponding solution of the direction field problem for arbitrary non-Hausdorff manifolds can be envisaged.
At this point one is naturally interested to find geometric conditions on M and F which imply that y^p == 0. The following leads to one such set of conditions. LEMMA B. -Let ¥ be a regular 1-dimensional foliation on M without compact leaves. Then TC : M -> M/F induces an isomorphism between the respective singular homology groups.
( A ) Smith [6] . ( 5 ) Steenrod [9] .
We note that the Euler class of a g-plane bundle has order 2 when q is odd ( 6 ). The notation H^M) = Q will signify that the ^-dimensional singular integral cohomology of M vanishes or has no torsion of order 2, depending on whether q is even or odd, respectively. Combining Theorem A with Lemma B thus gives: The present paper is devoted to a proof of Theorem A and Lemma B. An essential ingredient in our proof of Theorem A is a triangulation theorem which may also be of independent interest. We are greatly indebted to J. R. Munkres for having contributed the Appendix to this paper, setting forth a proof of this result.
Equivariant vectorfields.
Let Eo, . . ., E, denote differentiable m-manifolds. commutes for all (i, /). Since A^c|L,y|, X will then be A-equivariant. Let RL denote the equivalence relation on E generated by all pairs (x, y)e[L,y| X |L^| such that y == fi/a;). Let E denote the quotient space E/RL and a: E -> E the projection. We observe that the given triangulation K of E induces a triangulation of E. Moreover, by the usual clutching construction ( 7 ) the bundle r(E) induces an orien- and we let °&^ denote the set of all nonzero differentiable vectorfields X defined on B u V^ such that i) X agrees with X* on B, ii) the diagram (2.2) commutes for all pairs (i, /') with i, / ^ /c. We observe that every X e %^ determines a nonzero differentiable vectorfield JC on B u W( in an obvious way). We would like to argue that if X is « sufficiently close » to X*, JC will be near enough to X* to extend to a nonzero vectorfield on B u E^. By a well known result ( 9 ) this would imply that ^K extends to a nonzero differentiable vectorfield on B u E^, and consequently that X extends to a vectorfield in S^. To make this precise, let p denote a Riemannian metric on r(E). The disjoint union E of the spaces Ey constitutes a differentiable m-manifold, and we note that E can be oriented so as to render every <p^ orientation preserving. Moreover, the natural projection TT : E -> M/F commutes with every (fij. By Lemma 3.1 and Theorem 1 one concludes that E admits a differentiable nonzero A-equivariant vectorfield X. Since D c W, it will suffice to prove : 
Proof of Lemma B.
Let F be a regular 1-dimensional foliation on M without compact leaves, and let TT : M -> N denote the natural projection, where N = M/F. Neither M nor F are required To this end we make the inductive hypothesis that Tg: C^(N, ^ -> Cy(M, W) has been defined for all q < r, subject to the conditions Setting ^(a) = g, defines T^ on the generators of C^(N, â nd we extend by linearity. It is obvious that ^ is a simplex preserving cross-section of TC^, and commutativity of (4.2) implies condition (4.1) with q = r. This establishes the existence of T.
Appendix.
(This appendix was written by J. R. 
